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Lattice QCD

In the last several lectures we saw some explicit lattice actions that can be combined
to give lattice QCD.

Let us start with the Wilson plaquette gauge action and the Wilson fermion action as
a concrete starting point. Come back to staggered fermions tomorrow.

We can consider more general actions
S= Swilson+ ) GO
|
where O; are more-or-less local combinations of fields.

The ¢j are called improvement couplings: choose them to reduce cutoff effects.

Need formalism(s) to define and remove discretization effects.
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Why Bother with Improvement?

There are some simple scaling laws that show why it is not feasible to control dis-
cretization effects solely via brute force a — 0.

The amount of memory needed grows as (Ng X Ng lattice)
memory [ N§N4 — L3L4/a4.

The large exponents are unavoidable: we live in 3+ 1 dimensions.

The amount of CPU time needed to generate lattice gauge fields grows as
tg0a 42 (L fixed).
The 4 is again spacetime.
Update algorithms also slow down as a — 0, because they update in a region of

size a, but must propagate these changes over physical regions of size A 1to get a
statistically independent gauge field. Thus, the exponent z > O, typically z~ 1-2.
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Hadron Propagators

To compute hadron propagators, one need quark propagators in the background field.

(MOOTIY)) = (Buvela (I Favstu(y) = (rlysGalxY)ysGu(y: X)),
where the quark propagator Ggp = GloJ(B(X’ y) is defined by

Gap = /Q)LFQ)LP L|JaL|_"b eLFMLIJ = detM [M_l]ab-

In practice, finding all elements of M—1 (an N x N matrix, with N [] N§N4) is not worth

the effort. Instead solve equations like
: Ki .
MGlap=8an: Mgy W)Grl(wy) = 848 3(x,y)

If M is sparse there are several iterative methods to solve for G, but
Tq O (Amax/Amin) P ~ min{l/(mqa)p, (L/a)p} :

The exponent p depends on the algorithm and is typically 1 or 2 (propagators),
or even 2 or 3 (updates to detM, i.e., loops).
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Multi-Scale Problem

One way of summarizing all these difficulties is to note that QCD (for the real world)
Is a multi-scale problem.

My <A\ < Mg, Mg =my,My,ms, A ~700MeV mg= (M), My, M.
Inside a computer, it is even worse: there are two more scales for the ultraviolet cutoff
(T1/a) and the infrared cutoff (L™1).

L 1< Mg <A< my<<m/a inprinciple
L l<mgy<A<my~m/a inpractce

A physicist’s reaction to a multi-scale problem would be to introduce some scale-
separating scheme (like an effective field theory).

Indeed, this is what is done in lattice QCD, with the twist that the EFTs are used to
control uncertainties and to guide extrapolations from the feasible to the physical.
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MC scales

Lt Mg a’ A
| |
mrr mK N mc rnb
QCD scales

M= 140 MeV mk = 500 MeV
N\ ~ 250 -2500 MeV
me = 1300 MeV my, =4200 MeV
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Symanzik Effective Field Theory

Lattice QCD (inside a computer) has a # 0O; continuum QCD does not.
To interpret calculations with a #~ O, one needs a description of cutoff effects.

Let’s give a sketch of what we're after, at the tree level. Quark-gluon vertex:
Fu(p, o) = —got® { yucos3(p+ p')yal —isin3(p+ p)yl
+%CSW0W cos[%kpa] sinfkyal }

= —got?{ Viu— 5a[(p+ P)u-+ cswiopk’] +0(a?) |
On the mass shell, the Gordon identity shows that the O(a) terms cancel, if cgyy = 1.

Need to allow for renormalization, and specify “on shell” for hadrons.

Symanzik effective field theory.
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Local Effective Lagrangian LEL

Symanzik’'s Ansatz (which grew out of his work on the Callan-Symanzik equation)

Lat = Lsym= Locb+ 4,

where the symbol = can be read “has the same on-shell matrix elements as”.

Lsym Is not a lattice field theory. It is a renormalized continuum field theory. It is
scaffolding to build up a structure to impose conditions on improvement couplings.

Locp is the renormalized, continuum QCD Lagrangian,

Locp= %tr[FWw —q(D+ma.

The renormalized gauge coupling 92 and renormalized mass mdepend on:

g% = g%(g8, Moa; Gj; ua), M= mZm(g3, Moa; Gi; pa),
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Interpretation of Lis the rough dividing line between long- and short-distance physics.

Lattice artifacts are described by operators of dimension dimO > 4:
£ =y aMO*K (g% ma; co; Ha) OR(H),
o

where adimo_4KO is a short-distance coefficient, written with factors of a so that K

IS dimensionless.

As with the renormalized couplings, these short-distance coefficients depend on all
couplings of the lattice action.

Deviations from the continuum limit are defined at fixed g2 and m.

Think of these renormalized parameters as being defined in a physical way, e.g., via
on-shell scattering amplitudes.
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The renormalized operators OR are sensitive to long distances only: AL L
In particular, they do not depend on the short distance a.

Multiplying matrix elements of Or with their coefficients, one finds terms of order

(pa)dMO—4 \where pis a typical momentum, and dim O — 4 > 0.

For hadrons consisting of quarks and gluons, p ~ A. By assumption Aa is small, so
one can treat the lattice artifacts in £; as perturbations.

On the other hand, the short-distance coefficients depend only short distances.
For light quarks mal is a long distance; expand Ko(mga) in mga.

For heavy quarks ~Lis a short distance; keep full a dependence in Ko a).
mQ mg mg
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To treat £ as perturbations, set up the interaction picture driven by Locp.
Develop series, with all matrix elements taken in the (continuum) eigenstates of Locp.
Basing the description around Lgcp is very useful: Locp has more symmetry than Lyt

Simplify £; by exploiting field redefinitions

dimX

q— g+a dimXZ

exXQ, qr—g+a TeExgX,

where X is any gauge-covariant operator, and €x and €x are free parameters.

Changes of integration variables—( & g—cannot change on-shell matrix elements,
which are (obtained from) integrals.

Since the interaction picture is being driven by Locp, the mass shell in question is
that of QCD, even though we have not yet solved for the hadron masses.
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Field redefinitions in Locp induce higher-dimension terms, like those in 4:

L — L+ ;adimx [e‘xq_X(lz) +mg)q+exal— P + mq)XC]} .

Similarly, redefinition in lower-dimension terms in £; changes terms of even higher
dimension.

So, field redefinitions amounts to changing certain coefficients in £;. Since the
changes are arbitrary, those operators have no effect on on-shell matrix elements.
They are called redundant.

When using the effective field theory to describe the underlying theory, their coeffi-
cients may be set according to convenience

They are easy to identify, because they vanish by the equations of motion of the
Lagrangian driving the interaction picture, here LQcp.
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lllustration

At dimension-five there are no operators made only of Fs. There are two linearly
independent quark operators

Os =iqowFWg,  Of =2qDq.

The second of these can be re-written as

O = 05+ 2410 (P + m) g — 2mdidq.
We see, in order, the other dimension-five operator, a redundant operator, and some-

thing proportional to the kinetic term in Locp. The last can be absorbed into the field
normalization of q and a redefinition of m.

Thus, Osg suffices to describe all on-shell dimension-five effects (cf. p. 6):

L) = aKg.F CFUWFWCH‘ e
where ... denotes terms of dimension six and higher.
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Vector and Axial Vector Currents

Lattice currents for the flavor-changing transition S — Uu.

Vlat Buiy s — aoy dy|atPuct’ LlJS""é adimoy -3 Ovo\lja

AL = DuiyHysWs+ acadt DuiysWs+ g adiMmOa=3¢, Oh
A

Symanzik effective field theory description:
Vlat ZV LM akyo,uo s+ -
AI =75 L gl 4 aKadMliyss+ - -

where ...denotes operators of dimension four and hlgher, and Z_J_1 and Kj are short-
distance coefficients.

Continuum currents VH = tiyHs, 2H = UiyWyss.
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EFT Expansion

The effective field theory says (and similarly for the vector current) that

(Tl ZaAlyliat) = (11841 + aZaKad" 1| ivesii) + akor | ax(f|T Os M)
+0(a%),

The states on the left-hand side are eigenstates of lattice gauge theory, those on the
right-hand side are eigenstates of continuum QCD.

In a context where you can calculate in continuum QCD, this expression is wonderful.

You can demand Kg.g(Csy) = 0 and Ka(ca) = 0 and solve for the improvement
couplings Cgyy and Ca.

Two notable contexts: (i) perturbation theory and (ii) small L, where a — 0 is feasible
in numerical simulation.
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Proof of Symanzik Ansatz

The Symanzik effective field theory can be justified in to all orders in perturbation
theory (in the gauge coupling).

Reisz generalized the BPHZ (Bogoliubov-Parasiuk-Hepp-Zimmermann) renormaliza-
tion tailored to lattice perturbation theory. Assuming one pole in propagators,

d4k,
/ rl I({p}{k}) = IR +1u({p}) + O(ap,am),

|r: renormalization parts
ly ({p}): independent of a or improved couplings—universal.

Lattice Field Theory 4 Reisz Theorem Andreas S. Kronfeld
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The remainder terms can be developed further with BPHZ oversubtractions of the
loop integrands. In this way one can develop any amplitude’s renormalized perturba-
tion series, including contributions suppressed by powers of a, to any order desired.

This double series in (gz, a) is the same as one obtains from Symanzik's LE L.

Thus, Symanzik’'s LE L is fully justified in perturbation theory. It is believed to hold at
a non-perturbative level as well.

(Failure could only arise under circumstances that would cast doubt on all separation-
of-scale methods in QCD. Several of these are successful in phenomenology, so a
breakdown seems unlikely.)
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Heavy Quarks

Many of the most interesting hadronic matrix elements involve B mesons.

The B meson has a mass around 5 GeV, and it is unlikely that we will have mga < 1
(and large L) any time soon. Typically, mpa ~ 1-3, mea ~ %—1.

As a consequence, heavy-quark discretization effects need different treatment.
The key is to make use of effective field theories for heavy-quark systems:

heavy-quark effective theory (HQET) for heavy-light hadrons
non-relativistic QCD (NRQCD) for heavy quarkonium (QQ)

Two angles: (i) discretize continuum HQET/NRQCD, (ii) use continuum HQET/NRQCD
to describe discretization effects of lattice gauge theory.

Lattice Field Theory 4 Heavy Quarks and EFTs Andreas S. Kronfeld
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What Breaks Down when mpa « 1?

Years ago it was thought that (obviously) lattice gauge theory breaks down mpa £ 1.

Lattice gauge theory does not break down (still well defined, etc.), but the interpreta-
tion becomes more subtle.

It is convenient to see what happens to the Symanzik description when mpa £ 1.
GimX—1 © 1 (M) =y <
L :---+;a Y Ky aX Y (—wby@) g+
n=3 H=1
At each n, the term with = 4 is not small, because (—y4D4a)" ~ (mga)".

Use the equation of motion to get rid of D4 in favor of moa.
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If the X is a constant or part of D, the resulting terms modify the leading part of Lsym

_ m . =
Lsym= LgaugetQ <V4D4‘|‘ \/ @1\/‘ D"‘ml) q+ L,

This expression is on the same footing as the previous LE L.

The split “QCD + small corrections” no longer holds if the short-distance coefficient

v my/mp # 1.

For Wilson fermions
1 2 1

ma moa(2+ mpa) i 1+ mpa’

ma=In(1+mpa),

Summary: lattice gauge theory does not break down, the Symanzik effective field
theory does not break down. The utility of the Symanzik LEL does break down.
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Heavy Quark Theories

For mg > /\QCD, static properties of hadrons can be described by

LQep = LHQ

where
Lo =y P (Mo, 6% 1/mg) On (1),

The (h are short-distance coefficients and the operators Onp encode the long-distance
behavior.

The operators do not depend on the short distance scales 1/mQ (or a).

The coefficients are labelled “QCD” because we shall soon use the same formalism
to decribe lattice gauge theory, with coefficients modified to depend on mgpa.
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Let us recall some aspects of heavy-quark theory. One has

fio=£O 4 L0424

For HQET LIEIS();)ET contains terms of dimension 4+ S;

for NRQCD L&S%QCDcontains terms of order V252 (V is the relative velocity).

In the following, we shall use HQET counting, but the discussion could be repeated
in NRQCD, with straightforward modifications.

The leading, dimension-four term is
0 — .
L,&%ET = hy(iv-D — my)hy,
ivhy=hy, hviy=hy.

The choice of the velocity vV is somewhat arbitrary. If v is close to the heavy quark’s
velocity, e.g., the containing hadron’s velocity.

Lattice Field Theory 4 Heavy Quark Theory Andreas S. Kronfeld
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£ s a good starting point for the heavy-quark expansion, which treats the higher-
dimension operators as small.

£(0) emphasizes the heavy-quark symmetry.

For two flavors, let 8 = (M — M)V - X; then the generators

1 i/ 0 €° 5 0 —ie® s (10
T = - °= - - ° =
2\e® 0 )’ o\lie™® 0o )’ 2\0-1/"

satisfying the SU(2) algebra [19,1¢] = gdfer’,
Higher-dimension operators are constructed with DH = DH — imqW

To describe on-shell matrix elements one may omit operators that vanish by the equa-
tion of motion, —iv- Dhy = 0.

Lattice Field Theory 4 Heavy Quark Theory Andreas S. Kronfeld
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The dimension-five interactions are

1
L&(%ET — CZOZ + CQ; OQ;,
where (» and (g are short-distance coefficients, and
O;=hD%hy, DY =DH+wWv.D
Op =MsypBPhy,  syp=—iggp/2, B =nfngFH.

For QCD their coefficients are

QCD _ oco . 1 ocp  ZW
meEM o G T o
where mis a renormalized quark mass, and zis a non-trivial function of g2 with an
anomalous dimension. At the tree level, z= 1.

In mass independent renormalization schemes, the renormalized mass mis the (per-
turbative) pole mass.

Lattice Field Theory 4 Heavy Quark Theory Andreas S. Kronfeld
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One can also develop the effective field theory for vector and axial vector currents.
We are now in a position to apply the same formalism to lattice gauge theory.

Wilson fermions have the same degrees of freedom and heavy-quark symmetries as
Dirac fermions.

So the whole formalism can be repeated. The only modification is that there are two
short distances, so the coefficients, now called Cilat, depend on mMpa.

We shall now state what HQET says for a matrix element of the vector current:

Lattice Field Theory 4 HQET for Lattice Gauge Theory Andreas S. Kronfeld
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(Llv-V[B) =

(LIV-MatB) =

Gy PlLiahey)
—BI (L Quall”) — BT (L s B/”)
2P [ (LT 0B

o hey QCD [ d*X(LIT 0g(x)aniBy) + O(A2/mP),

—c'&;%uwa&ob

at (v Qu1/BYY) — B2 (L|v- @4|BSO>>
£1Cl [ d(LIT opxahBy”)*

RS [ (LT 0 <><wsv>

~ Ko G [ d*(LIT GioFa(x)ah|By”) " + O(A2ab(ma)).

Lattice Field Theory 4
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So the lattice matrix element reproduces the continuum if

Kg.g =0 from light quark, as before
Ci'at = CiQCD from heavy-quark Lagrangian
Blat— BR“P  from heavy-light currents

As in Symanzik improvement, solving these conditions (non-perturbatively in a finite
volume, or perturbatively) yields conditions on the improvement parameters of lattice
gauge theory.

The HQET scaffolding can be dismantled at this stage: the resulting conditions do not
depend on the renormzalization scheme used at intermediate stages for the HQET.
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